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QUANTIZED W-ALGEBRA OF sl(2, 1) :
A CONSTRUCTION FROM THE QUANTIZATION OF
SCREENING OPERATORS
JINTAI DING AND BORIS FEIGIN
Abstract. Starting from bosonization, we study the operator
that commute or commute up-to a total difference with of any
quantized screen operator of a free field. We show that if there ex-
ists a operator in the form of a sum of two vertex operators which
has the simplest correlation functions with the quantized screen
operator, namely a function with one pole and one zero, then, the
screen operator and this operator are uniquely determined, and
this operator is the quantized virasoro algebra. For the case when
the screen is a fermion, there are a family of this kind of opera-
tor, which give new algebraic structures. Similarly we study the
case of two quantized screen operator, which uniquely gives us the
quantized W-algebra corresponding to sl(3) for the generic case,
and a new algebra, which is a quantized W-algebra corresponding
to sl(2, 1), for the case that one of the two screening operators is
or both are fermions.
1. Introduction.
In [3] N. Reshetikhin and E. Frenkel introduced new Poisson alge-
bras Wq(g), which are q–deformations of the classical W–algebras. In
[9] J. Shiraishi, H.Kubo, H.Awata, and S. Odake quantized the formu-
lation in [3]. They constructed a non-commutative algebra depending
on two parameters q and p, such that when q = p it becomes commuta-
tive, and is isomorphic to the Poisson algebra Wq(sl(2)), which denote
by Wq,p(sl(2)). Shiraishi, e.a., constructed a free field realization of ,
Wq(sl(2)) i.e. a homomorphism into a Heisenberg algebra. They also
constructed the screening currents, i.e. operators acting on the Fock
representations of the Heisenberg algebra. which commute with the
action of Wq(sl(2)) up to a total difference. In [2], the results of Shi-
raishi, e.a., were further generalized to to the case of the q-deformed
W -algebras. They constructed an algebra Wq,p(sl(N)) depending on q
and p, such that when q = p it becomes isomorphic to the q–deformed
classicalW–algebraWq(sl(N)) from [3]. They also construct a free field
1
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realization of Wq,p(sl(N)), which is a deformation of the free field re-
alization from [3], and the screening currents. They also construct the
screening currents S±i (z) satisfying certain difference equations related
to the basic generator of Wq,p(sl(N)).
In all the works above, the screening operators, which are quanti-
zation of the classical screening operators, appear as a by-product of
the quantization of W-algebras. These screening operators are defined
as operators who either commute with the quantized W-algebras or
commute up-to a total difference.
In this paper, we will start from the opposite direction of such an
approach. Namely, we will start from the quantization of screening
operators. This approach is based on the idea of bosonization, namely
we start everything from the Heisenberg algebras.
First we consider the case of one generic screen operator (not a
fermion) S+1 (z), which is given as any kind of quantization of the clas-
sical screen operator S(z). Here both operator are bosonized, namely
expressed by generator of a Heisenberg algebra. Surely the screening
operator S(z) satisfies:
S(z)S(w) = (z − w)2β : S(z)S(w) :,
and
S+1 (z)S
+
1 (w) = (z)
2βf(z, w) : S+1 (z)S
+
1 (w),
where β ∈ C. By quantization, we mean that the operator S+1 (z)
depends on a parameter q and it degenerates into the classical screening
operator when q goes to 1 or
lim
q→1
z2βf(z, w) = (z − w)2β.
Then we try to construct an operator l(z) = Λ1(z) + Λ2(z), a sum of
two vertex operators, that will commute with the action of the screen
operator up-to a total difference. It turns out that this uniquely deter-
mines the quantization and enable us to recover the quantized virasoro
algebra mentioned above in an unique way, if we assume that the cor-
relation functions between S+1 (z) and Λi(w) has one pole and one zero
and the ration of the two pole is our quantization parameter q . How-
ever, when the screen operator is a fermion, the situation becomes
very different. For this case, we will obtain a family of operators that
commute with the screening operator up-to a total difference, which
give completely new algebraic structures. Similarly, we consider the
case of two generic screen operators (neither of them a fermion), which
are given as any kind of q-deformation of the classical screen opera-
tors. Then we try to construct an operator in the form of the sum of
three vertex operator, such that this operator commutes with the two
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screening operators. This enable us to uniquely derive the quantized
W-algebra for sl(3) given by Feigin and Frenkel [2].
Then we apply the same method to the case of two screening op-
erators such that one of the screening operators is a fermion. In this
case, this leads us to derive an unique operator such that it commutes
with the two screening operator up-to a total difference. We will call
the algebraic structure generated by this operator the quantized W-
algebra of sl(2, 1). Finally we apply this method to the case that two
screening operators are both fermions. This also leads us to derive an
unique operator that generates the same algebraic structure, namely
the quantized W-algebra of sl(2, 1).
This paper is organized in the way that each section is devoted to
study a case mention above and in the same order. The last sections
is devoted to discussions.
2. The commutant of a screen operator and the
q-deformed virasoro algebra
In this section, we will start from one quantized screen operator.
From the point view of quantization, this screen operator should de-
generate into the classical screen operator, when the deformation pa-
rameter q goes to 1. With such a screen operator, we will try to find
current operators, which commute with the integral of this screen op-
erator. Analog to the idea that differential operators in general are
deformed into difference operators, we expect that a desired operator,
which should be a kind of q-deformed virasoro algebra, is in the form
of a kind of difference.
Let us first introduce the Heisenberg algebra Hq,p(1) be the Heisen-
berg algebra with generators a1[n], n ∈ Z, and relations
[a1[n], a1[m]] =
1
n
δn,−m, (1)
which is defined on the filed of the rational functions of p = qx and q.
Here x and p are two generic parameters and |q| < 1
For each weight µ of the Cartan subalgebra of sl(2), let piµ be the Fock
representation of Hq,p(1) generated by a vector vµ, such that a1[n]vµ =
0, n > 0, and a1[0]vµ = µ(α
∨
1 )vµ, where α
∨
1 is the ith coroot of sl(2).
Introduce operatorsQ1, which satisfy commutation relations [a1[n], Q1] =
2βδn,0. The operators e
Q1 act from piµ to piµ+βα1 .
A classical screening operator S(z) is defined as
S(z) = eQ1za
+
1 [0] : exp

∑
m6=0
s(m)a1[m]z
−m

 :, (2)
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where m 6= 0 and
S(z)S(w) = (z − w)2β : S(z)S(w) : . (3)
Now we can define a quantized screening currents as the generating
function
S+1 (z) = e
Q1zs
+
1 [0] : exp

∑
m6=0
s+1 (m)a1[m]z
−m

 :, (4)
where s+1 [m] are in C[p, q] for m 6= 0 and s
+
1 [0] = a1[0]. For this screen
operator we would impose the following condition that the limit of
this operator when q goes to one degenerate into the classical screen
operators.
For the undeformed case, the virasoro algebra defined on the Fock
space give us the operators that commute with the action of the op-
erator
∫
S+1 (z)dz/z. Here we will impose the assumption that once
we consider such an integration, the integration contour is around the
point 0 and the screening operator S+1 (z) acts on the space piµ such
that this integration is single-valued.
We, then, would try to find a construction that gives us the operators
that will commute with the action of this quantized screen operator∫
S+1 (z)dz/z. The simplest try would be that case that they should be
a sum of vertex operators.
For the simplest case, we assume that it is sum of two vertex opera-
tors. Let us define the operator as
l1(z) = Λ1(z) + Λ2(z),
where Λi(z) as the generating function:
Λi(z) = g
i−1 : exp
(∑
λi(m)a1[m]z
−m
)
: . (5)
Here λi[m] are in C[p, q] for i = 1, 2.
The commutation relations between S+(z) and Λi(w) are basically
decided by the correlation functions of the product of this two opera-
tors. The simplest case is that the correlation function of the operators
has only one pole. Similarly, we assume that it has at most one zero.
Clearly, it naturally leads to that we must have the condition that the
two products Λ1(z)S
+
1 (w) and S
+
1 (w)Λ1(z) have the same correlation
functions. Then we have
Λ1(z)S
+
1 (w) = A
(z − wp1)
(z − wp2)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = A
(z − p1w)
(z − p2w)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|.
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This implies:
Lemma 2.1.
Ap1/p2 = 1.
Therefore p1 can not be 0.
The correlation functions also give us
Λ1(z)S
+
1 (w) = A exp
(
Σn>0λ1(n)s
+
1 (−n)(w/z)
n
)
: Λ1(z)S
+
1 (w) :
= A exp (Σn>0(w/z)
n(−pn1 + p
n
2 )) : Λ1(z)S
+
1 (w) : .
Thus we have
λ1(n)s
+
1 (−n) = (−p
n
1 + p
n
2 ).
Similarly we have
λ1(−n)s
+
1 (n) = (−p
−n
1 + p
−n
2 ).
Lemma 2.2. If the operator l1(z) commute with the the operator
∫
S+1 (z)dz/z,
then l1(z) commute with S
+
( w) up-to a total difference, the correlation
functions of the products Λ1(z)S
+
1 (w) and S
+
1 (w)Λ1(z) must be equal
and the correlation functions must have only one pole and one zero.
Proof From the correlation function, we know that
[Λ1(z),
∫
S+1 (w)dw/w] = A(1− p1/p2)p2Λ1(z)S
+
1 (zp
−1
2 ) : .
Thus
[Λ2(w),
∫
S+1 (z)dz/z] = −A(1 − p1/p2)p2 : Λ1(w)S
+
1 (wp
−1
2 ) : .
Because of the assumption on the formulas for Λ2(w) and S
+
1 (z), it
requires that the the correlation functions of the products Λ1(z)S
+
1 (w)
and S+1 (w)Λ1(z) must be equal and the correlation functions must have
only one pole and one zero.
Therefore l1(z) commute with S
+
( w) up-to a total difference.
From now on, we assume that l1(z) commute with
∫
S+1 (z)dz/z. So
from the lemma we have:
Λ2(z)S
+
1 (w) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ2(z) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |w| ≫ |z|,
A′p′1/p
′
2 = 1.
Similarly we have:
λ2(n)s
+
1 (−n) = (−(p
′
1)
n + (p′2)
n).
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Similarly we have
λ2(n)s
+
1 (−n) = (−(p
′
1)
−n + (p′2)
−n).
Corollary 2.3.
A(1− p1/p2)p2Λ1(z)S
+
1 (zp
−1
2 ) := −A
′(1− p′1/p
′
2)p
′
2Λ2(z)S
+
1 (zp
′
2
−1
) : .
From the assumption on S+1 (z), we have that the following relations
for the screening currents when |z| ≫ |w|:
S+1 (w)S
+
1 (z) = w
2βf(z/w) : S+1 (z)S
+
1 (w) :,
where f(z) is an analytic function in z
Proposition 2.4.
−A′
(z − wp′1)
(z − wp′2)
A′(1−p′1/p
′
2)p
′
2
−2β
f(zp′2
−1
/w)p′2 = A
(z − wp1)
(z − wp2)
A(1−p1/p2)gp2
−2βf(zp2
−1/w)p2,
−A′
(z − wp′1)
(z − wp′2)
A′(1−p′1/p
′
2)f(p
′
2w/z) = A
(z − wp1)
(z − wp2)
A(1−p1/p2)gf(p2w/z).
Thus, from above let z = 0 or w = 0, we have
(p′2/p
′
1)(1− p
′
1/p
′
2)(p
′
2/p2)
−2β = −(p2/p1)(1− p1/p2)g
Thus
(1− z
wp′1
)
(1− z
wp′2
)
f(zp′2
−1
/w) =
(1− z
wp1
)
(1− z
wp2
)
f(zp2
−1/w)
Then from the formula above and f(z/w)w2β would degenerate into
(w − z)2β , when q goes to 1, we have
Theorem 2.5.
f(z/w) = (1− z/w)
(z/w|p′2/p1, q)∞
(z/w|p′2/p
′
1, q)∞
.
p1
p′1
= q2β−1
where we set p′2/p2 = q and
(x|a, t)∞ =
∞∏
n=0
(1− atn).
This follows from that
lim
q→1
(z/w|qa, q)∞
(z/w|qb, q)∞
= (1− z/w)b−a
We can set p1 to 1, which corresponding to shift l1(z) by p1.
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Corollary 2.6. Let p1 = 1 and p
′
2 = p, we have
p2 = pq
−1
p′1 = q
1−2β
g = qq−2β
(pq2β−1 − 1)
(1− pq−1)
.
Therefore with the assumption we impose on the screening operator
and the operator l1(z), all the correlation function between the vertex
operators are uniquely determined. These formulas also determine the
formulas for for l1(z) and S
+
1 (z). Now, we will proceed to present here
the formulas for l1(z) and S
+
1 (z) and check that if this construction is
possible such that the operator l1(z) commute with S
+
1 (z).
f(z/w) = (1− z/w)
(z/w|p, q)∞
(z/w|pq2β−1, q)∞
= exp
(
Σn>0
1
n
(−1 + (
qn(2β−1)pn − pn
1− qn
(z/w)n
)
.
Thus we have
s+1 (n)s
+
1 (−n) = (−1 + (
qn(2β−1)pn − pn
1− qn
),
for n > 0. Similarly we have that
s+1 (n)λ1(−n) = (−1 + (pq
−1)−n),
λ1(n)s
+
1 (−n) = (−1 + (pq
−1)n),
s+1 (n)λ2(−n) = (−q
−n(2β−1) + (p)−n),
λ2(n)s
+
1 (−n) = (−q
n(2β−1) + (p)n),
for n > 0; and
exp−2λ1(0)β = pq
−1
exp−2λ2(0)β = q
2β−1p.
From the algebraic point of view, it does not affect the algebraic
structure of the operator S+1 (z), not matter what the solution we choose
for the first equation for S+1 (n), because they are all equivalent up to
re-scale of the Heisenberg algebra. Once they are chosen, then λi(n)
are automatically decided. However from Corollary 2.3, the following
relations must be valid in oder to make l1(z) commute with the integral
of S+1 (z).
λ1(n) + s
+
1 (n)q
np−n = λ2(n) + s
+
1 (n)p
−n.
expλ1(0)(qp
−1) = exp λ2(0)p
−1.
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These are very strong restrictions. Then we have:
Theorem 2.7. For any given screen operators that has the correlation
function as define by Theorem 2.5. Let the operator l1(z) be a sum of
two vertex operators such that l1(z) commutes with the integral of the
screen operator and the correlation function of product of one element
of the sum has one pole and one zero. l1(z) exists and unique up-to
shift of z, if and only if
p = q1−β .
Now we have:
Λ1(z)S
+
1 (w) = q
−β (z − w)
(z − wq−β)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = q
−β (z − w)
(z − wq−β)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|;
and
Λ1(zq
1−β)S+1 (w) = q
β (z − wq
−β)
(z − w)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = q
β (z − wq
−β)
(z − w)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|.
Thus we have:
Corollary 2.8.
λ1(n) = −λ2(n)q
n(β−1).
Let gij(z) for i, j = 1, 2 be the function such that
Λi(z)Λj(w) = gij(w/z) : Λi(z)Λj(w) : .
From Corollary 2.3, we have
Proposition 2.9. gij(w/z)/gji(z/w) are equal for all the i,j=1,2.
Theorem 2.10. l1(z) satisfies the same commutation relations as the
quantized virasoro algebra in [2]
This follow from the corollary and proposition above. Or, if we
compare these formulas with the know formulas [2], etc., we know that
they are exactly the same as the formulas for the bosonization of q-
virasoro algebra and its screen operator with a difference of a shift of
the variable for l1(z).
These results show that the q-virasoro algebra can be derived from
the point view of deformation of the screen operators and then deriva-
tion of q-deformed virasoro algebra and this deformation is also uniquely
determined. This shows that the quantized virasoro algebra is indeed
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a rigid structure. However, even from this point of view, there is an
exception case, namely the case β = 1/2.
3. The commutant for the case β = 1/2
We will follow the same notations as in the section above. for the
basic definitions. But this time, we will set the value β = 1/2. We also
first assume that p is q are generic.
S(z)S(w) = (z − w) : S(z)S(w) :
Thus we have:
S+1 (w)S
+
1 (z) = wf(z/w) : S
+
1 (z)S
+
1 (w) :,
where f(z) is an analytic function in z and when q goes to 1,
f(z/w) = 1− z/w.
As in the section above, let us define the operator as
l1(z) = Λ1(z) + Λ2(z),
where Λi(z) as the generating function:
Λi(z) = g
i−1 : exp
(∑
λi(m)a1[m]z
−m
)
: . (6)
Here λi[m] are in C[p, q] for i = 1, 2. We also assume that that the
two products Λ1(z)S
+
1 (w) and S
+
1 (w)Λ1(z) have the same correlation
functions. Then we have
Λ1(z)S
+
1 (w) = A
(z − wp1)
(z − wp2)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = A
(z − p1w)
(z − p2w)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|,
Ap1/p2 = 1,
and l1(z) commutes with the the operator
∫
S+1 (z)dz/z.
Let’s fix p′2/p2 = q. From Proposition 2.4, we have
(1− z
wp′1
)
(1− z
wp′2
)
f(zp′2
−1
/w) =
(1− z
wp1
)
(1− z
wp2
)
f(zp2
−1/w)
and
f(z/w) = (1− z/w)
(z/w|p′2/p1, q)∞
(z/w|p′2/p
′
1, q)∞
.
Therefore, we have
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Theorem 3.1.
f(z/w) = (1− z/w),
S+1 (z) is a fermion.
Corollary 3.2.
(1−
z
wp′1
) = (1−
z
wp1
)
Here we can see clearly that this a very special situation compared
with other β, because the equation shows that we have one fewer re-
striction on the choice of the parameters that decides the poles and
the zeros of the correlation function of Λi(z) and S
+
1 (z). This basically
tells us that, for any operator Λ1(z) such that Λ1(z) has the correla-
tion functions with the fermion S+1 (z) as defined above, we can derive
uniquely another vertex operator Λ2(z) such that l1(z) commute with
S+1 (z). This construction can be explicitly given as
Theorem 3.3. Let Λ1(z) be an operator such that the correlation func-
tion of Λ1(z) with the fermion S
+
1 (z) defined as above. The the operator
l1(z) = Λ(z)1 + p2(p2/p1 − 1)Λ(z)1S
+
1 (zp
−1
2 )(S
+
1 (z))
−1,
commute with the action of the integral of S+1 (z).
Corollary 3.4. Let
s+1 (n) = 1, s
+
1 (−n) = −1,
Then
λ1(−n) = (−p
−n
1 + (p2)
−n),
λ1(n) = −(−p
n
1 + (p2)
n),
λ2(−n) = (−p
−n
1 + (p2q)
−n),
λ2(n) = −(−p
n
1 + (p2q)
n),
for n > 0.
These automatically gives us the commutation relations between
Λi(z) and l1(z)
Theorem 3.5. On the Fock space, the matrix coefficients of l1(z)l1(w)
and l1(w)l1(z) are equal.
Next we will deal with the case, if they are two or more screen
operator, which would also leads us the quantized W-algebra and other
new algebras, when we choose the screening operators for other cases
such as sl(2, 1).
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4. The case for two screen operators.
In this section, we will extend the similar construction to the case of
two screen operators.
Let us first introduce the Heisenberg algebra Hq,p(2) be the Heisen-
berg algebra with generators ai[n], n ∈ Z, and relations
[ai[n], aj[m]] =
1
n
Aij(n)δn,−m, (7)
which is defined on the field of the rational functions of p and q, two
generic parameters for |q| < 1, Ai,i = 1 and Aij(n) = a(n) is a rational
function of p and q for i 6= j.
For µ be a element of a two dimensional space A2 generated by αi,
for i = 1, 2. Let α∗i be the generator of its dual space A
∗
2, such that
α∗i (αi) = 2 and α
∗
i (αj) = −b/βi. Let piµ be the Fock representation
of Hq,p(2) generated by a vector vµ, such that ai[n]vµ = 0, n > 0, and
a1[0]vµ = µ(α
∨
i )vµ. We assume here β1 and β2 generic.
Introduce operatorsQ1, which satisfy commutation relations [ai[n], Qi] =
2βiδn,0, [aj [n], Qi] = −bδn,0. The operators e
Qi act from piµ to piµ+βαi .
Now we can define two quantized screening currents as the generating
function
S+i (z) = e
Qizs
+
i
[0] : exp

∑
m6=0
s+i (m)ai[m]z
−m

 :, (8)
where s+i [m] are in C[p, q] for m 6= 0 and s
+
i [0] = ai[0]. We assume that
the limit of these operators, when q goes to one, degenerate into the
classical screen operators. Let Si(z) be the classical counter part of
S+i (z). Then we have that
S+i (z)S
+
i (w) = z
2βi(1− w/z)2βi : S+i (z)S
+
i (w) :,
S+2 (z)S
+
1 (w) = z
−b(1− w/z)−b : S+2 (z)S
+
1 (w) :,
S+1 (z)S
+
2 (w) = z
−b(1− w/z)−b : S+1 (z)S
+
2 (w) : .
Thus we have that
S+i (z)S
+
i (w) = z
2βifi,i(z, w) : S
+
i (z)S
+
i (w) :=
z2β exp
(
expΣm>0s
+
i (m)s
+
i (−m)w
m/zm)
)
: S+i (z)S
+
i (w) :
S+2 (z)S
+
1 (w) = z
−bf2,1(z, w) : S
+
2 (z)S
+
1 (w) :=
w−b exp
(
exp 1/nΣm>0A2,1s
+
2 (m)s
+
i (−m)w
m/zm)
)
: S+2 (z)S
+
1 (w) :
S+1 (z)S
+
2 (w) = z
−bf1,2(z, w) : S
+
1 (z)S
+
2 (w) :=
z−b exp
(
expΣm>0A1,2(m)s
+
2 (m)s
+
2 (−m)w
m/zm)
)
: S+1 (z)S
+
2 (w) :
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We would try to find a similar construction that gives us the opera-
tors that will commute with the action of this quantized screen operator∫
S+i (z)dz/z. The simplest choice again would be the same assump-
tion as in the sections above that this operator should be a sum of two
vertex operators. For this case, it is a straightforward argument as in
the sections above to show that it is impossible. We leave this as an
excise.
Therefore, the simplest possible choice is that they should be a sum
of three vertex operators. Let us define the operator as
l1(z) = Λ1(z) + Λ2(z) + Λ3(z),
where Λi(z) as the generating function:
Λi(z) = gi : exp
(∑
λij(m)aj [m]z
−m
)
: . (9)
Here λi[m] are in C[p, q] for i = 1, 2, 3. As in the sections above, as-
sumptions on the correlations functions are necessary. The possible
simplest case to deal with is to have once more the simplest choice
that the correlation functions between S+i (z) and Λj(w) are 1, for the
two pairs i = 1, j = 3, and i = 2, j = 1, which also means that, for
either pair of the operators, they commute with each other. Again,
we will start from the correlation functions between S+1 (z) and Λ1(z).
As in the section above, we picked the simplest choice that that the
two products Λ1(z)S
+
1 (w) and S
+
1 (w)Λ1(z) have the same correlation
functions and
Λ1(z)S
+
1 (w) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|.
and
A = qp−1.
From the results in the sections above, we have
Proposition 4.1. If the operator l1(z) commute with the the operator∫
S+1 (z)dz/z, then the correlation functions of the products Λ1(z)S
+
1 (w)
and S+1 (w)Λ1(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ2(z)S
+
1 (w) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ2(z) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |w| ≫ |z|,
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A′p′1/p
′
2 = 1.
A(1−p1/p2)p2 : Λ1(z)S
+
1 (zp
−1
2 ) := −A
′(1−p′1/p
′
2)p
′
2 : Λ2(z)S
+
1 (zp
′
2
−1
) : .
Let p′2 = p and p
′
2/p2 = q, then
p′1 = q
1−2β
g2 = qp
−2β (pq
2β1−1 − 1)
(1− pq−1)
.
This follows directly from the argument in the section above.
The proposition gives us that:
A(1−p1/p2)p2 : Λ1(z)S
+
1 (zp
−1
2 ) : S
+
2 (w) = −A
′(1−p′1/p
′
2)p
′
2 : Λ2(z)S
+
1 (zp
′
2
−1
) : S+2 (w)
S+2 (w)A(1−p1/p2)p2 : Λ1(z)S
+
1 (zp
−1
2 ) := −S
+
2 (w)A
′(1−p′1/p
′
2)p
′
2 : Λ2(z)S
+
1 (zp
′
2
−1
) :
Let
S+i (z)Λj(w) = SΛij(z, w) : S
+
i (z)Λ(w) :,
Λi(z)S
+
j (w) = ΛSij(z, w) : S
+
i (z)Λ(w) : .
Corollary 4.2.
b = β1,
B(1−p1/p2)q
−b
2 f1,2(zp
−1
2 , w) = −B
′(1−p′1/p
′
2)(p
′
2)
−bg2f1,2(zp
′
2
−1
, w)ΛS2,2(z, w),
B(1−p1/p2)f2,1(w, zp
−1
2 ) = −B
′(1−p′1/p
′
2)g2SΛ2,2(w, z)f2,1((w, p
′
2
−1
z).
We have:
f2,1(w, zp
−1
2 )/f2,1(w, zp
′
2
−1
) = SΛ2,2(w, z),
f1,2(zp2
−1, w)/f1,2(zp
′
2
−1
, w) = B−1ΛS2,2(zp, w).
f2,1(w, zq
β)/f2,1(w, zq
β−1) = SΛ2,2(w, z),
f1,2(zq
β, w)/f1,2(zq
β−1p′2
−1
, w) = B−1ΛS2,2(z, w).
Let’s assume the following condition:
Λ2(z)S
+
2 (w) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |z| ≫ |w|,
S+2 (w)Λ2(z) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |w| ≫ |z|.
Similarly from the results for the the case of one fermionic screening
operator, we have
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Proposition 4.3. If the operator l1(z) commute with the the operator∫
S+2 (z)dz/z, then the correlation functions of the products Λ3(z)S
+
2 (w)
and S+2 (w)Λ3(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ3(z)S
+
2 (w) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |z| ≫ |w|,
S+2 (w)Λ3(z) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |w| ≫ |z|,
B′(1−q1/q2)q2 : Λ2(z)S
+
2 (zq
−1
2 ) := −B
′(1−q1/q
′
2)q
′
2 : Λ3(z)S
+
2 (zq
′
2
−1
) : .
B′q′1/q
′
2 = 1.
Let q′2/q2 = p
′.
Therefore we have:
S+1 (w)B
′(1−q1/q2)q2 : Λ2(z)S
+
2 (zq
−1
2 ) := −S
+
1 (w)(1−q1/q
′
2)q
′
2 : Λ3(z)S
+
2 (zq
′
2
−1
) : .
B′(1−q1/q2)q2 : Λ2(z)S
+
2 (zq
−1
2 ) : S
+
1 (w) = −A
′(1−q1/q
′
2)q
′
2 : Λ3(z)S
+
2 (zq
′
2
−1
) : S+1 (w).
Corollary 4.4.
β2 = b,
B′(1−q1/q2)q2q
−b
2 ΛS2,1(z, w)f2,1(zq
−1
2 , w) = −B
′(1−q1/q
′
2)q
′
2(q
′
2)
−bg3/g2f2,1(zq
′
2
−1
, w),
B′(1−q1/q2)q2SΛ1,2(w, z)f1,2(w, (zq
−1
2 )) = −B
′(1−q1/q
′
2)q
′
2g3/g2f1,2(w, (zq
′
2
−1
)).
A−1ΛS2,1(z, w) =
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
,
SΛ1,2(w, z) =
f1,2(w, zq
′
2
−1)
f1,2(w, zq2−1)
.
Because
f2,1(w, zp
−1
2 )/f2,1(w, zp
′
2
−1
) = SΛ2,2(w, z),
We can see that, for q′, there are two possibilities: q′ = q, or q′ = q−1.
If q′ = q′2/q2 = q,, we have
(z − wq1−2β)
(z − wq1−β)
=
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
,
q2/q1
(z − wq1)
(z − wq2)
=
f2,1(w, zq
β)
f2,1(w, zqβ−1)
.
q2/q1
(z − wqβq1)
(z − wqβq2)
= (
(wq′2 − zq
1−2β)
(q′2w − zq
1−β)
)
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Or, if q′ = q−1 = q′2/q2, we have
q2/q1
(z − wqβq1)
(z − wqβq2)
= (
(wq2 − zq
1−2β)
(q2w − zq1−β)
)−1.
This is impossible.
Theorem 4.5. This operator l1(z) exists if and only
q′ = q
q2 = q1q
−β,
ΛS2,1(z, w) = A
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
=
f1,2(w, zq
′
2
−1)
f1,2(w, zq2−1)
,
A−1ΛS2,1(wq
′
2, z) = SΛ2,2(zq
−β, w).
Here, the operator l1(z) is not uniquely determined, because we qi
and q′i are determined up to one parameter. However we see that
from the very begining, we do not fix the structure of the Heisenberg
algebra, rather let it depend on the parameter A1,2(n) and A2,1(n).,
which is decided by the this extra parameter. On the other hand, it
reflects nothing but the possibility to re-scale one of the two screening
operators from s+i (z), which does not change the correlation functions
of fi.i(z, w) but the functions fi,j(z, w) for i 6= j.
Nevertheless, all the correlation functions between the vertex opera-
tors and the the function A(i, j)(n) are all uniquely determined, once
we fix any of the parameter qi and q
′
i. From now on, we will assume that
q′2 is fixed. With the formulas above, we can see that all the operators
are thus uniquely determined.
On the other, this construction becomes the the same as the ones
given to the screen operators and the quantized virasoro algebra for
the case of sl(3) in [2], if q′2 = p
3/2.
Let’s assume that l1(z) exists. Then we have
(zq′2 − wq
1−2β
(q′2z − wq
1−β)
=
f2,1(z, w)
f2,1(zq, w)
,
(zq′2 − wq
1−2β
(zq′2 − wq
1−β)
=
f1,2(w, z)
f1,2(w, zq)
.
Therefore
Proposition 4.6.
f2,1(z, w) =
(w/z|q′2
−1q2−β, q)∞
(w/z|q′2
−1q2−2β, q)∞
,
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f1,2(w, z) =
(z/w|q′2q
−1+2β , q)∞
(z/w|q′2q
−1+β
, q)∞.
On the other, this construction becomes the the same as the ones
given to the screen operators and the quantized virasoro algebra for
the case of sl(3) in [2], when q′2 = p
3/2 and
f1,2(z, w) = f2,1(z, w).
5. The case for two screen operators with one of them
as a fermion.
We use the same notations as in the section above. But here we
assume that β1 = β and β2 = 1/2. We have the The Heisenberg algebra
Hq,p(2) and the Fock spaces. The two quantized screening currents are
defined just before. and we assume that the limit of this operator when
q goes to one degenerate into the classical screen operators.
Let Si(z) be the classical counter part of S
+
i (z). Then we have that
S+2 (z)S
+
2 (w) = (z − w)S
+
2 (z)S
+
2 (w) :,
S+1 (z)S
+
1 (w) = z
2βi(1− w/z)2βi : S+1 (z)S
+
1 (w) :,
S+2 (z)S
+
1 (w) = z
−b(1− w/z)−b : S+2 (z)S
+
1 (w) :,
S+1 (z)S
+
2 (w) = z
−b(1− w/z)−b : S+1 (z)S
+
2 (w) : .
Therefore here we have:
S+2 (z)S
+
2 (w) = zfi,i(w, z) : S
+
i (z)S
+
i (w) :=
z exp
(
expΣm>0s
+
i (m)s
+
i (−m)w
m/zm)
)
: S+i (z)S
+
i (w) :
S+1 (z)S
+
1 (w) = z
2βfi,i(w, z) : S
+
i (z)S
+
i (w) :=
z2β exp
(
expΣm>0s
+
i (m)s
+
i (−m)w
m/zm)
)
: S+2 (z)S
+
1 (w) :
S+2 (z)S
+
1 (w) = z
−bf2,1(w, z) : S
+
2 (z)S
+
1 (w) :=
w−b exp
(
exp 1/nΣm>0A2,1s
+
2 (m)s
+
i (−m)w
m/zm)
)
: S+2 (z)S
+
1 (w) :
S+1 (z)S
+
2 (w) = z
−bf1,2(w, z) : S
+
i (z)S
+
i (w) :=
z−b exp
(
expΣm>0A1,2(m)s
+
2 (m)s
+
2 (−m)w
m/zm)
)
: S+1 (z)S
+
2 (w) :
We will proceed as in the section above:
Let
l1(z) = Λ1(z) + Λ2(z) + Λ3(z),
where Λi(z) as the generating function:
Λi(z) = gi : exp
(∑
λij(m)aj [m]z
−m
)
: . (10)
Here λi[m] are in C[p, q] for i = 1, 2, 3 and g1 = 1.
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We assume that the correlation functions between S+i (z) and Λj(w)
are 1, for the two pairs i = 1, j = 3, and i = 2, j = 1, which also means
that for either pair of the operators, they commute with each other; the
two products Λ1(z)S
+
1 (w) and S
+
1 (w)Λ1(z) have the same correlation
functions; and
Λ1(z)S
+
1 (w) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|.
and
A = pq−1.
Proposition 5.1. If the operator l1(z) commute with the the operator∫
S+1 (z)dz/z, then the correlation functions of the products Λ1(z)S
+
1 (w)
and S+1 (w)Λ1(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ2(z)S
+
1 (w) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ2(z) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |w| ≫ |z|,
A′p′1/p
′
2 = 1.
A(1−p1/p2)p2 : Λ1(z)S
+
1 (zp
−1
2 ) := −A
′(1−p′1/p
′
2)p
′
2 : Λ2(z)S
+
1 (zp
′
2
−1
) : .
Let p′2 = p and p
′
2/p2 = q, then
p′1 = q
1−2β
g2 = qp
−2β (pq
2β1−1 − 1)
(1− pq−1)
.
Let
S+i (z)Λj(w) = SΛij(z, w) : S
+
i (z)Λ(w) :,
Λi(z)S
+
j (w) = ΛSij(z, w) : S
+
i (z)Λ(w) : .
Corollary 5.2.
B(1−p1/p2)q
−b
2 f1,2(zp
−1
2 , w) = −B
′(1−p′1/p
′
2)(p
′
2)
−bg2f1,2(zp
′
2
−1
, w)ΛS2,2(z, w),
B(1−p1/p2)f2,1(w, zp
−1
2 ) = −B
′(1−p′1/p
′
2)g2SΛ2,2(w, z)f2,1((w, p
′
2
−1
z).
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We also assume the following condition:
Λ2(z)S
+
2 (w) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |z| ≫ |w|,
S+2 (w)Λ2(z) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |w| ≫ |z|.
Similarly from the results for the the case of one fermionic screening
operator, we have
Proposition 5.3. If the operator l1(z) commute with the the operator∫
S+2 (z)dz/z, then the correlation functions of the products Λ3(z)S
+
2 (w)
and S+2 (w)Λ3(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ3(z)S
+
2 (w) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |z| ≫ |w|,
S+2 (w)Λ3(z) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |w| ≫ |z|,
B′(1−q1/q2)q2 : Λ2(z)S
+
2 (zq
−1
2 ) := −B
′(1−q1/q
′
2)q
′
2 : Λ3(z)S
+
2 (zq
′
2
−1
) : .
B′q′1/q
′
2 = 1.
Let q′2/q2 = p
′.
Corollary 5.4.
B′(1−q1/q2)q2q
−b
2 ΛS2,1(z, w)f2,1(zq
−1
2 , w) = −B
′(1−q1/q
′
2)q
′
2(q
′
2)
−bg3/g2f2,1(zq
′
2
−1
, w),
B′(1−q1/q2)q2SΛ1,2(w, z)f1,2(w, (zq
−1
2 )) = −B
′(1−q1/q
′
2)q
′
2g3/g2f1,2(w, (zq
′
2
−1
)).
Similarly we have
Theorem 5.5. This operator l1(z) exists if and only
q′ = q
q2 = q1q
−β,
β = b
ΛS2,1(z, w) = A
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
=
f1,2(w, zq
′
2
−1)
f1,2(w, zq2−1)
,
A−1ΛS2,1(wq
′
2, z) = SΛ2,2(zq
−β, w).
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Proposition 5.6.
f2,1(z, w) =
(w/z|q′2
−1q2−β, q)∞
(w/z|q′2
−1q2−2β , q)∞
f1,2(w, z) =
(z/w|q′2q
−1+2β, q)∞
(z/w|q′2q
−1+β
, q)∞
The next is to derive the commutation relations of l1(z) with itself.
Let’s set
s+1 (n) =
1
1− qn
,
s+1 (−n) = (q
n − 1 + qnβ − qn(1−β)),
s+2 (n) = 1,
s+2 (−n) = −1,
for n > 0.
We have:
A2,1(n)s
+
2 (n)s
+
1 (−n) =
(−q′2
−nqn(2−β) + q′2
−nqn(2−2β))
(1− qn)
A1,2(n)s
+
1 (n)s
+
2 (−n) =
(−q′2
nqn(−1+2β) + q′2
nqn(−1+β))
(1− qn)
Proposition 5.7.
A2,1(n) =
(−q′2
−nqn(2−β) + q′2
−nqn(2−2β))
(1− qn)(qn − 1 + qnβ − qn(1−β))
,
A1,2(n) = −(−q
′
2
n
qn(−1+2β) + q′2
−n
qn(−1+β))
A2,1(n)A1,2(n) = (q
n(−1+2β)− qn(−1+β))
(−qn(2−β) + qn(2−2β))
(1− qn)(qn − 1 + qnβ − qn(1−β))
Let Λ¯3(z) = g
−1
3 Λ3(z). Because of Λ3(z)’s correlation functions with
S+1 (z) S
+
1 (z), we have that:
s+1 (n)(λ3,1(−n) + λ3,2(−n)A1,2(n)) = 0,
s+1 (−n)(λ3,1(n) + λ3,2(n)A2,1(n)) = 0,
(A2,1(n)λ3,1(−n) + λ3,2(−n)) = (q
′
2
−n
qn−nβ − q′2
−n
),
(A1,2(n)λ3,1(n) + λ3,2(n)) = −(q
′
2
n
q−n+nβ − q′2
n
),
for n > 0.
Therefore
λ3,2(−n) =
q′2
−nqn−nβ − q′2
−n)
1 + A2,1(n)A1,2(n)
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λ3,1(−n) =
(q′2
−nqn−nβ − q′2
−n)
1 + A2,1(n)A1,2(n)
A1,2(n),
λ3,2(n) =
−(q′2
nq−n+nβ − q′2
n)
1 + A2,1(n)A1,2(n)
,
λ3,1(n) = A2,1(n)
−(q′2
nq−n+nβ − q′2
n)
1 + A2,1(n)A1,2(n)
,
for n > 0.
Then we have
ΛΛ3,3(n) =
λ3,2(n)(A2,1(n)λ3,1(−n)+λ3,2(−n)) =
−(q′2
nq−n+nβ − q′2
n)
1 + A2,1(n)A1,2(n)
(q′2
−n
qn−nβ−q′2
−n
) =
−(q−n+nβ − 1)
1 + (qn(−1+2β) − qn(−1+β)) (−q
n(2−β)+qn(2−2β))
(1−qn)(qn−1+qnβ−qn(1−β))
(qn−nβ − 1).
Equivalently, we should have
ΛΛ3,3(n) =
λ3,2(−n)(A1,2(n)λ3,1(n)+λ3,2(n)) =
−(q′2
−nqn−nβ − q′2
−n)
1 + A2,1(n)A1,2(n)
(q′2
n
q−n+nβ−q′2
n
) =
−(qn−nβ − 1)
1 + (qn(−1+2β) − qn(−1+β)) (−q
n(2−β)+qn(2−2β))
(1−qn)(qn−1+qnβ−qn(1−β))
(q−n+nβ − 1),
for n > 0.
From the formula, we can see that they are indeed equal.
1
1 + A2,1(n)A1,2(n)
=
1
1 + (qn(−1+2β) − qn(−1+β)) (−q
n(2−β)+qn(2−2β))
(1−qn)(qn−1+qnβ−qn(1−β))
=
(1− qn)(qn − 1− qnβ + qn(1−β))
(1− qn)(qn − 1− qnβ + qn(1−β)) + (−qn(2−β) + qn(2−2β))(qn(−1+2β) − qn(−1+β))
=
(1− qn)(qn − 1 + qnβ − qn(1−β))
qn(1−β)(qnβ − 1)2 + (1− qn)(qn − 1 + qnβ − qn(1−β)
=
(1− qn)(qn − 1− qnβ + qn(1−β))
qn(1−β)(qnβ − 1)2 + (1− qn)(qn − 1 + qnβ − qn(1−β)
=
−q−nβ(1− qn)(qn − 1 + qnβ − qn(1−β))
(1− q−nβ)(1− q2n−nβ)
.
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ΛΛ3,3(n) =
qn−nβ(q−n+nβ − 1)2q−nβ(1− qn)(qn − 1 + qnβ − qn(1−β))
(1− q−nβ)(1− q2n−nβ)
= .
qn−nβ(q−n+nβ − 1)2q−nβ(1− qn)(qnβ + qn)
(1− q2n−nβ)
.
s+2 (n)(A2,1(n)λ1,1(−n) + λ1,2(−n)) = 0,
s+2 (−n)(A1,2(n)λ1,1(n) + λ1,2(n)) = 0,
s+1 (n)(λ1,1(−n) + A1,2(n)λ1,2(−n)) = (−1 + q
nβ)),
s+1 (−n)(λ1,1(n) + A2,1(n)λ1,2(n)) = (−1 + q
−nβ),
for n > 0.
λ1,1(n) =
−1 + qnβ)
s+1 (−n)(1 + A2,1(n)A1,2(n))
,
Therefore
ΛΛ1,1(n) =
λ1,1(n)(λ1,1(−n) + A1,2(n)λ1,2(−n))s
+
1 (n)/s
+
1 (n) =
(−1 + qnβ)(−1 + q−nβ)
s+1 (−n)s
+
1 (n)(1 + A2,1(n)A1,2(n))
=
−(qnβ − 1)(1− qn)2q−nβ
(1− q2n−nβ)
.
With this we have:
ΛΛ(n)− ΛΛ1(n) =
(1− qn)(q−n+nβ − q−nβ) =
q−n+nβ + qn−nβ − qnβ − q−nβ.
This shows that Λ1(z) and Λ3(z) basically have the same commuta-
tion relation up to certain poles.
Let v be an element in the Fock space and v∗ an element in its
dual space. Let us denote the matrix coefficient of an operator X by
< v∗, Xv >.
Proposition 5.8.
< v∗Λ(z)Λ1,1(w)v >=< v
∗Λ(z)Λ1,1(z)v > ×
θq2−β(
w
z
q1−β)2θq2−β (
w
z
q2)
θq2−β(
z
w
q1−β)2θq2−β (
z
w
q2)
.
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This is proven by the following calculation.
Λ1(z)Λ1(w) = ΛΛ1,1(z, w) : Λ1(z)Λ1(w) :
exp
(
Σn>0(w/z)
n−(q
nβ − 1)(1− qn)2q−nβ
(1− q2n−nβ)
)
: Λ1(z)Λ1(w) :=
exp
(
Σn>0(w/z)
n−1 + 2q
n − q2n + q−nβ − 2qn−nβ + q2n−nβ
(1− q2n−nβ)
)
: Λ1(z)Λ1(w) :=
(w/z|q1−β, q2−β)2∞(w/z|1, q
2−β)∞)(w/z|q
2, q2−β)∞
(w/z|q, q2−β)2∞(w/z|q
−β, q2−β)∞(w/z|q2−β, q2−β)∞
: Λ1(z)Λ1(w) :
Therefore
Proposition 5.9.
ΛΛ1,1(z, w)/ΛΛ1,1(w, z) =
θq2−β (
w
z
q1−β)2θq2−β(
w
z
q2)
θq2−β (
z
w
q1−β)2θq2−β(
z
w
q2)
.
This follows from:
ΛΛ1,1(z, w)/ΛΛ1,1(w, z) =
(w/z|q1−β, q2−β)2∞(w/z|1, q
2−β)∞)(w/z|q
2, q2−β)∞
(z/w|q1−β, q2−β)2∞(z/w|1, q
2−β)∞)(z/w|q2, q2−β)∞
×
(z/w|q, q2−β)2∞(z/w|q
−β, q2−β)∞(z/w|q
2−β, q2−β)∞
(w/z|q, q2−β)2∞(w/z|q
−β, q2−β)∞(w/z|q2−β, q2−β)∞
=
θq2−β(
w
z
q1−β)2θq2−β(
w
z
q2)
θq2−β(
z
w
q1−β)2θq2−β(
z
w
q2)
.
Let
l(z)l(w) = L(z, w) : l(z)l(w) : .
Theorem 5.10.
L(z, w)
L(w, z)
=
θq2−β(
w
z
q1−β)2θq2−β(
w
z
q2)
θq2−β(
z
w
q1−β)2θq2−β(
z
w
q2)
. (11)
We call the algebra associated to the operator l(z), the quantized
W-algebra of sl(2, 1). The degeneration of this operator, when q goes
to 1, will give us the classical W-algebra of sl(2, 1).
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6. The case for two fermion screen operators.
We use the same notations as in the section above. But here we as-
sume that β1 = 1/2 and β2 = 1/2. We have the The Heisenberg algebra
Hq,p(2) and the Fock spaces. The two quantized screening currents are
defined just before. and we assume that the limit of this operator when
q goes to one degenerate into the classical screen operators.
Let Si(z) be the classical counter part of S
+
i (z). Then we have that
S+2 (z)S
+
2 (w) = (z − w)S
+
2 (z)S
+
2 (w) :,
S+1 (z)S
+
1 (w) = (z − w) : S
+
1 (z)S
+
1 (w) :,
S+2 (z)S
+
1 (w) = z
−b(1− w/z)−b : S+2 (z)S
+
1 (w) :,
S+1 (z)S
+
2 (w) = z
−b(1− w/z)−b : S+1 (z)S
+
2 (w) : .
Therefore here we have: We have that
S+i (z)S
+
i (w) = zfi,i(w, z) : S
+
i (z)S
+
i (w) :=
z exp
(
expΣm>0s
+
i (m)s
+
i (−m)w
m/zm)
)
: S+i (z)S
+
i (w) :
S+2 (z)S
+
1 (w) = w
−bf2,1(w, z) : S
+
2 (z)S
+
1 (w) :=
w−b exp
(
exp 1/nΣm>0A2,1s
+
2 (m)s
+
i (−m)w
m/zm)
)
: S+2 (z)S
+
1 (w) :
S+1 (z)S
+
2 (w) = w
−bf1,2(w, z) : S
+
i (z)S
+
i (w) :=
z−b exp
(
expΣm>0A1,2(m)s
+
2 (m)s
+
2 (−m)w
m/zm)
)
: S+1 (z)S
+
2 (w) :
We will define l1(z) as an operator that commutes with the action
of the quantized screening operators
∫
S+i (z)dz/z, and
l1(z) = Λ1(z) + Λ2(z) + Λ3(z),
where Λi(z) as the generating function:
Λi(z) = gi : exp
(∑
λij(m)aj [m]z
−m
)
: . (12)
Here λi[m] are in C[p, q] for i = 1, 2, 3 and g1 = 1. We use the same
assumption that the correlation functions between S+i (z) and Λj(w)
are 1, for the two pairs i = 1, j = 3, and i = 2, j = 1, which also
means that for either pair of the operators, they commute with each
other. We also assume that the correlation functions between S+1 (z)
and Λ1(z). satisfy the condition that the two products Λ1(z)S
+
1 (w) and
S+1 (w)Λ1(z) have the same correlation functions and
Λ1(z)S
+
1 (w) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ1(z) = A
(z − w)
(z − wpq−1)
: Λ1(z)S
+
1 (w) :, |w| ≫ |z|.
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and
A = pq−1.
Similarly we have:
Proposition 6.1. If the operator l1(z) commute with the the operator∫
S+1 (z)dz/z, then the correlation functions of the products Λ1(z)S
+
1 (w)
and S+1 (w)Λ1(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ2(z)S
+
1 (w) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |z| ≫ |w|,
S+1 (w)Λ2(z) = A
′ (z − wp
′
1)
(z − wp′2)
: Λ2(z)S
+
1 (w) :, |w| ≫ |z|,
A′p′1/p
′
2 = 1.
A(1−p1/p2)p2 : Λ1(z)S
+
1 (zp
−1
2 ) := −A
′(1−p′1/p
′
2)p
′
2 : Λ2(z)S
+
1 (zp
′
2
−1
) : .
Let p′2 = p and p
′
2/p2 = q, then
p′1 = 1
,
g2 = pq
−1(pq−1 − 1).
This follows directly from the argument in the section above.
Let
S+i (z)Λj(w) = SΛij(z, w) : S
+
i (z)Λ(w) :,
Λi(z)S
+
j (w) = ΛSij(z, w) : S
+
i (z)Λ(w) : .
Corollary 6.2.
B(1−p1/p2)q
−b
2 f1,2(zp
−1
2 , w) = −B
′(1−p′1/p
′
2)(p
′
2)
−bg2f1,2(zp
′
2
−1
, w)ΛS2,2(z, w),
B(1−p1/p2)f2,1(w, zp
−1
2 ) = −B
′(1−p′1/p
′
2)g2SΛ2,2(w, z)f2,1((w, p
′
2
−1
z).
We have:
f2,1(w, zp
−1
2 )/f2,1(w, zp
′
2
−1
) = SΛ2,2(w, z),
f1,2(zp2
−1, w)/f1,2(zp
′
2
−1
, w) = B−1ΛS2,2(zp, w).
f2,1(w, zq
β)/f2,1(w, zq
β−1) = SΛ2,2(w, z),
f1,2(zq
β, w)/f1,2(zq
β−1p′2
−1
, w) = B−1ΛS2,2(z, w).
Let’s assume the following condition:
Λ2(z)S
+
2 (w) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |z| ≫ |w|,
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S+2 (w)Λ2(z) = B
(z − wq1)
(z − wq2)
: Λ2(z)S
+
2 (w) :, |w| ≫ |z|.
We have:
Proposition 6.3. If the operator l1(z) commute with the the operator∫
S+2 (z)dz/z, then the correlation functions of the products Λ3(z)S
+
2 (w)
and S+2 (w)Λ3(z) must be equal and the correlation functions must have
only one pole and one zero.
Λ3(z)S
+
2 (w) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |z| ≫ |w|,
S+2 (w)Λ3(z) = B
′ (z − wq1)
(z − wq′2)
: Λ3(z)S
+
2 (w) :, |w| ≫ |z|,
B′(1−q1/q2)q2 : Λ2(z)S
+
2 (zq
−1
2 ) := −B
′(1−q1/q
′
2)q
′
2 : Λ3(z)S
+
2 (zq
′
2
−1
) : .
B′q′1/q
′
2 = 1.
Let q′2/q2 = p
′.
Corollary 6.4.
B′(1−q1/q2)q2q
−b
2 ΛS2,1(z, w)f2,1(zq
−1
2 , w) = −B
′(1−q1/q
′
2)q
′
2(q
′
2)
−bg3/g2f2,1(zq
′
2
−1
, w),
B′(1−q1/q2)q2SΛ1,2(w, z)f1,2(w, (zq
−1
2 )) = −B
′(1−q1/q
′
2)q
′
2g3/g2f1,2(w, (zq
′
2
−1
)).
A−1ΛS2,1(z, w) =
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
,
SΛ1,2(w, z) =
f1,2(w, zq
′
2
−1)
f1,2(w, zq2−1)
.
Because
f2,1(w, zp
−1
2 )/f2,1(w, zp
′
2
−1
) = SΛ2,2(w, z),
or
f2,1(w, zp
−1q)/f2,1(w, zp
−1) = SΛ2,2(w, z),
We can see that, for q′, there are two possibilities: q′ = q, or q′ = q−1.
If q′ = q′2/q2 = q,, we have
(z − w)
(z − wp)
=
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
,
q2/q1
(z − wq1)
(z − wq2)
=
f2,1(w, zp
−1q)
f2,1(w, zp−1)
.
q2/q1
(z − wp−1qq1)
(z − wqp−1q2)
= (
(wq′2 − z)
(q′2w − zp)
)
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For this we must have:
q2/q1 = p
−1.
Or, if q′ = q−1 = q′2/q2, we have
q2/q1
(z − wpq1)
(z − wpq2)
= (
(wq2 − z)
(q2w − zp)
)−1.
This is impossible.
Similarly we have
Theorem 6.5. This operator l1(z) exists if and only
q′ = q
q2 = q1p,
ΛS2,1(z, w) = A
f2,1(zq
′
2
−1, w)
f2,1(zq2−1, w)
=
f1,2(w, zq
′
2
−1)
f1,2(w, zq2−1)
,
A−1ΛS2,1(wq
′
2, z) = SΛ2,2(zp
−1, w).
Proposition 6.6.
f2,1(z, w) =
(w/z|q′2
−1pq, q)∞
(w/z|q′2
−1q, q)∞
,
f1,2(w, z) =
(z/w|q′2p
−1, q)∞
(z/w|q′2, q)∞
The next is to derive the commutation relations of l1(z) with itself.
Let’s set
s+1 (n) = 1,
s+1 (−n) = −1,
s+2 (n) = 1,
s+2 (−n) = −1,
for n > 0.
We have:
A2,1(n)s
+
2 (n)s
+
1 (−n) =
(+q′2
−nqnpn + q′2
−nqn)
(1− qn)
A1,2(n)s
+
1 (n)s
+
2 (−n) =
(q′2
n)− q′2
np−n)
(1− qn)
Therefore
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Proposition 6.7.
A2,1(n) = −
(−q′2
−nqnpn + q′2
−nqn)
(1− qn)
A1,2(n) = −
(q′2
n)− q′2
np−n)
(1− qn)
A2,1(n)A12(n) =
qn(1− pn)
(1− qn)
(1− p−n)
(1− qn)
Because of Λ3(z)’s correlation functions with S
+
1 (z) S
+
2 (z), we have
that:
s+1 (n)(λ3,1(−n) + λ3,2(−n)A1,2(n)) = 0,
s+1 (−n)(λ3,1(n) + λ3,2(n)A2,1(n)) = 0,
(A2,1(n)λ3,1(−n) + λ3,2(−n)) = −(q
′
2
n
pnq−n − q′2
−n
),
(A1,2(n)λ3,1(n) + λ3,2(n)) = (q
′
2
−n
qnp−n − q′2
−n
),
for n > 0.
Thus
λ3,2(−n) =
−(q′2
npnq−n − q′2
−n)
1 + A2,1(n)A1,2(n)
,
λ3,1(−n) =
−(q′2
npnq−n − q′2
−n)
1 + A2,1(n)A1,2(n)
A1,2(n),
λ3,2(n) =
(q′2
−nqnp−n − q′2
−n)
1 + A2,1(n)A1,2(n)
,
λ3,1(−n) =
(q′2
−nqnp−n − q′2
−n)
1 + A2,1(n)A1,2(n)
A2,1(n),
for n > 0.
Then we have
ΛΛ3,3(n) =
λ3,2(n)(A2,1(n)λ3,1(−n) + λ3,2(−n)) =
−(q′2
−nqnp−n − q′2
−n)(q′2
npnq−n − q′2
−n)
1 + A2,1(n)A1,2(n)
,
Equivalently, we should have
ΛΛ3,3(n) =
λ3,2(−n)(A1,2(n)λ3,1(n) + λ3,2(n)) =
−(q′2
−nqnp−n − q′2
−n)(q′2
npnq−n − q′2
−n
1 + A2,1(n)A1,2(n)
.
These two are equal.
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1
1 + A2,1(n)A1,2(n)
=
1/(1 +
(1− pn)(1− p−n)
(1− qn)2q−n
=
(1− qn)2
pn + p−n − qn − q−n
=
q−n(1− qn)2
(pn − q−n)(1− p−nqn)
.
Thus
ΛΛ3,3(n) =
q−n(1− qnp−n)(pnq−n − 1)(1− qn)2
(pn − q−n)(1− p−nqn)
=
−(1− qn)2(pnq−n − 1)
(1− pnqn)
=
Let p = q1−β, we see that
Proposition 6.8.
ΛΛ3,3(z, w)/ΛΛ3,3(w, z) =
θq2−β(
w
z
q1−β)2θq2−β (
w
z
q2)
θq2−β(
z
w
q1−β)2θq2−β (
z
w
q2)
.
Let
l(z)l(w) = L(z, w) : l(z)l(w) : .
Theorem 6.9.
L(z, w)
L(w, z)
=
θq2−β(
w
z
q1−β)2θq2−β(
w
z
q2)
θq2−β(
z
w
q1−β)2θq2−β(
z
w
q2)
. (13)
In this case, we can show through calculation that the operator l(z)
and the operator l(z) defined in Section 5 are the same in the sense
of bosonization. Therefore we again derive the quantized W-algebra of
sl(2, 1).
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7. Discussions
At this stage, what we actually have derived is only the the bosoniza-
tion formula for the the quantized W-algebra of sl(2, 1). It is important
that we can describe this algebra in an abstract way. Hopefully this
problem can be solved when we check more carefully the commuta-
tion relation of the operator l(z). On the other hand, from all above,
it is clear that we can extend our construction to the case of several
generic screening operator and several fermions or the case of only
several fermions, which will give us the quantized W-algebras associ-
ated with super-algebras sl(m,n). This will be given in subsequent
paper. The classical W-algebra of sl(2, 1) can be derive from the two
parafermions of affine Lie algebra sˆl(2). Similarly we manage to es-
tablish the connection of the quantized W-algebra of sl(2, 1) with the
quantized parafermions[5][6][1] coming from affine quantum group alge-
bra Uq(sˆl(2)) [16]. We also notice, in some way, the correlation function
bwtween screen operators and the vertex operator components of l(z)
may be related to finite diemnsional representaions of the the corre-
sponding affine quantum groups. The situation will become clear, once
we start to look at operator like l(z) such that the correlation functions
have multiple poles and zeros.
Acknowledgments. We would like to thank M. Jimbo for useful
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